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Modulation Effect on a Perturbed Sine-Gordon 
System with a Long Overlap Josephson Junction 
Li Yeat Chen and Juh Tzeng Lue 
Abstract-We report numerical simulations on the phase 
locking of solitons generated by rf excitations. In addition to 
applying a dc magnetic field and an rf signal, we also employed 
an ac frequency modulation field on a long overlap Josephson 
junction. The normalized frequency of the rf signal applied on 
the boundary of the junction is w ,  = 0.214, while that for the 
low modulation field is w2 = 0.002. The analysis indicated that 
the rf signal applying on both ends of the junction will excite 
two breather modes, and the total energy per unit length of 
soliton is mostly embodied in the second harmonic waves of w, ,  
based on the Fourier analysis. The effect of the low-frequency 
magnetic field will excite low-subband mixing waves with or 
without the presence of the dc magnetic field. 
I. INTRODUCTION 
11. THE SINE-GORDON MODEL 
The general model describing the dynamics of a long 
overlap Josephson junction is a perturbed sine-Gordon 
equation in one dimension which, in normalized form, is 
4n - 6, = sin 4 + 4 t  (1) 
where 4 is the phase difference between the junction su- 
perconducting films, and the spatial and time variables are 
in scales, respectively, of the Josephson penetration depth 
X J  = (+o/27rp0dj0)1’2 and the reciprocal plasma frequency 
wo = ( 2 ~ j ~ / 4 ~ C ) ~ ’ ~ .  Here, the q50 is a flux quantum, j ,  is 
the Josephson critical current density, d is the magnetic 
thickness of the junctions, and C is the junction capaci- 
tance per unit area, taking into account tunneling dissi- 
pation due to normal electrons. The surface current den- 
sity j ,  in the London penetration layer is closely related 
to the spatial derivative of 4, such as j ,  = A,&+,, which 
is also equal to the magnetic field in the junction. Simi- 
larly, the normalized voltage is related to the time deri- 
HE topic of phase-locked solitons has attracted many 
explorers because of the both fundamental and prac- 
tical interest in Josephson junction devices [1]-[5]. Fur- 
ther, the characteristics of the Josephson junction abound 
with nonlinear phenomena which are suitable for detailed 
investigations of various areas. such as nonlinear wave 
T 
vation &.  
In order to study the modulation field effect on phase- 
locked solitons, we explore the following four types of 
boundary conditions: 
A) Both the rf frequency w1  and low frequency w2 are 
applied on both ends, such as 
dynamycs and chaotic states [6]. In applying Josephson 
junction arrays, usually questions arose about the mixing 
of the microwave frequency with the local oscillator (low- 
frequency signal) [2] and the effect of wave mixing for 
different solitons, such as fluxon, soliton-antisoliton, and 
breather. In this study, we confine our scope in the inves- 
tigation of breather modes for the rf pumpsignals which, 
instead of applying on a single end of the junction as re- 
ported in the literatures [7], [8], are applied on both ends, 
implying much more realistic device applications. More 
than one breather motion can be excited by applying mi- 
crowave signals on both ends of the Josephson junction. 
In followings, four kinds of boundary conditions are em- 
ployed to compare the results arising from the low mod- 
ulation frequency and dc magnetic field. The energies of 
solitons are analyzed by Fourier transform and quantum 
perturbation method [9]. The nonlinear breather oscilla- 
tion can be maintained as a stabilized phase-locked mo- 
tion by the small ac driving field, which can compensate 
the dissipative loss in the Sine-Gordon (SG) system. 
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+x(O, t )  = +,(l, t )  = a sin wlt + b sin w2t. (2a) 
B) In addition to condition A, a dc magnetic field h is 
4x(0, t)  = $,(L, t )  = h + a sin w l t  + b sin w2t. (2b) 
C) Only the rf modulation field is applied on both ends, 
applied, such as 
such as 
&(O, t) = &(Z, t) = c1 sin colt. ( 2 4  
D) The dc magnetic field h and rf signal w1 are applied, 
( 2 4  
such as 
&(O, t )  = +,(l, t )  = h + a sin w l t  
where a and b represent the amplitudes of the rf field and 
modulation field with frequencies of w1 and w2, respec- 
tively. For mathematical simplicity, we assume a = b. At 
a sufficiently large external magnetic field and high inci- 
dent fluxon velocity, the fluxon solved from the unper- 
turbed equation +,, - @tt = sin 4 may collapse into a 
weakly bound breather (at rest) oscillation with solutions 
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expressed as [8] We can transfer H(t)  to the frequency domain, such as 
(1 - w2)'12 sin (wt + 0,) 
4 = C 4 tan-' (3) 
i = r , /  w cosh [(l - w2)'I2 (X - xi)]' 
Here, w is the frequency of breather, Bi is the time phase, H(w) = - iw 
x, is the spatial phase, and r and 1 represent the right- and 
left-hand sides of the junction, respectively. The breather 
oscillation can be considered as a bound kink-antikink 
pair, and there is no minimum threshold energy for excit- 
where F is the Fourier transform operator concerning with 
the argument dH/dt. Equation (7) can then be divided into 
two components, 
ing a breather. The corresponding normalized voltage q$, 
and normalized current bx for a phase-locked system (i.e., 
junction voltage V = 2w for a propagating fluxon), are 
dH - = H'(t)  = Hi(t) + HL(t) 
dt 
(9) 
4w2 (1 - w2)' /2 COS (ut + e,)  cosh [(1 - u ~ ) ~ ~ ~  (X - x,)] 
i = r , /  w2 cosh2 [(l - w2)1/2 (x - x,)] + (1 - w2) sin2 (ut + 0,)  + I =  c 
and 
- 4 4  - U*) sin (at + Oi) sinh [(l - w2)"* (x - x,)] 
4 x =  
i = r , l  w2 cosh2 [(I - w2)'I2 (x - x i ) ]  + (1 - w2) sin2 (ut + Oi)' 
(4) 
( 5 )  
In order to determine the origin of the generation of fun- 
damental and second harmonic mixed subbands in this 
system, a quantum perturbation approach in conjunction 
with Fourier analysis is exploited to solve the problem. 
Define the total energy of the pure sine-Gordon equation 
as 191 
where HA = -a $, 4: dx represents the dissipation term 
and HI, = c&j5tlb corresponds to the energy input during 
reflection of the soliton wave from the absorption of ex- 
ternal field. The binomial expansion of (3) to the first or- 
der implys HA to be 
/ 
H = [id + id + (1 - cos 411 dx. (6) 
0 
Since we are only concerned with the fundamental mixed 
subbands at different boundary conditions, the Hi term 
plays the dominant role, which behaves as 
The time derivative of H corresponding to the power flow 
to the system can be manipulated with the aid of (1) to 
yield 
2 1/2 
= 4x411; = c [4,(01 (1 - U , )  
i = r , l  
(7) 
COS (wi t  + 0i)Q(t) (1 1) dt 
where 
cosh (1 - w : ) ~ ~ ~  xi 
= 4w: ( U :  cosh2 (1 - w : ) " ~  xi + (1 - U:)  sin2 ( w i t  + Oi)' 
cosh (1 - (xo - 1)  - 
CO: cosh2 (1 - w:) l i2  (xi - I) + (1 - U:) sin2 ( w i t  + Oi) 
1912 IEEE TRANSACTIONS ON MAGNETICS, VOL. 32, NO. 3,  MAY 1996 
The Q(t) can also be expanded by binomial expansion as The power spectrum can be converted from (9), as given 
Case A: 
follows: by 
QtO = Qo + 121 cos 2(wi t  + 0,) 
( H b [ ( W ) )  = <f4”) (174 
( K / 2  - dhr)/w (ffbI(w)) = <ffm,,x) + ( f fmag)  ( 17b) 
1 ( H b , ( W ) )  = 0 (17c) 
Case B: 
Q 0 2 S  x -dh,/w Q(0 dt Case C:  
+ Q2 COS 4(wl.f + 0,)  + * * * (13) 
where 
= 4w: [(l - + U: cosh2 (1 - w:)112x,)1/2 Case D: 
(ffb[(w)) = ( H m a g )  ( 1 7 4  
power in the mixed state and in presence of external dc 
where ( H m i x )  and (Hma,), corresponding to the fluxon 
magnetic field state, respectively, are defined as 
1 1 (1 - w :  + w :  cosh2 (1 - ~ 7 ) ” ~  (xi - 1 ) ) ‘ j 2  ’ 
(14) 
sin (w ,  + w2 + o)T 
w1 + w2 + w - 
sin (al - w2 - w)T - (15) 
Thus, the fundamental subband components of the total 
soliton energy may be extracted under different boundary 
conditions, which are 
Case A: 
w1 - w2 - 0 
sin (wl - w2 + w ) T  
w1 - w2 - w 1 + 
w)T cos (U1 + w)T - 
w1 + w 
- sin [ (U,  - w2)t + e , ] )  ( 1 6 4  
Case B: 
(sin [(a1 + wZ)t + O i l  
- sin [(wI - w2)t + ei] 
h 
1 
+ - (1 - u : ) ” ~  COS (wit + e,)> (16b) 
in which the T is the total time step. Accordingly, the 
simulation time must be finite; otherwise (18) and (19) 
will contain a delta function. 
111. SIMULATION A D DISCUSSIONS 
Case C: To study the behavior of fluxons in a Josephson line 
cavity, the dimensionless length of the junction is set at 
12, which is long enough to excite soliton motion, while 
(16‘) the dissipation factor a is 0.1 and the rf field amplitude a 
is 0.2. The rf frequency w1 and the modulation frequency 
h w2 are 0.214 and 0.002, respectively. We solved (1) by 
- (1 - w:)1/2 (Qo + $) Cos ( w ~ t  + o f ) .  the fourth-order Runge-Kutta method [lo] and with a time 
step of 1/20 000. The simulation requires 600 steps to 
arrive the full amplitude. However, the applied dc mag- 
( H i , )  = 0 
Case D: 
(%,) = 
i = r , /  1 
(16d) 
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Fig. 1 .  The time and position dependence on the amplitude of breather motions that are enhanced at the ends of the junction 
The time scale is from f = 2975 to r = 3000, with (a) w, = 0.214, w2 = 0.002 and (b) w ,  = 0.214, w2 = 0.0. 
netic field is kept at a constant value during each time 
step. The total evolution time for simulation is 3000 time 
steps, which is long enough to see the result near the 
steady state. The total energy per unit length is ( H )  = 
1 [$#&i) + i$f(i) + 1 - cos $ ( i ) ] / N ,  where N = 241 
in this simulation, which is recorded at each time. 
The numerical results of the system under these four 
boundary conditions are as follows. 
A .  a sin w,t + a sin w2t 
The stereograms for the time and position dependence 
on $x of the breather motion excited with and without the 
low-frequency signal within 3000 time steps are shown in 
Fig. l(a) and (b), respectively. The motions of the two 
breathers at the ends of junction are independent of each 
other. This result is different from that in the breather mo- 
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Fig. 3 .  Total energy of breathers in the time domain. The energy of soli- 
tons is all the same regardless of whether the weak dc field is applied, 
where h 5 0.4,  h ,  = 0.2, wI = 0.214, and u2 = 0.002. 
tion by applying a rf field on a single end [7]. In order to 
confirm the breather behavior, the amplitudes of at the 
right and left ends of the junction at t = 3000 are calcu- 
lated by implementing (5) with parameters x, = 17.2442, 
8,  = 0, xl  = 5.2442 and O1 = T. As shown in Fig. 2, the 
two breathers bounded near the ends without propagating 
along the junction can be clearly seen. Due to the finite 
length of the junction, these breathers contain only partial 
structure; each breather contributes to the total energy ap- 
proximate by 1.48 X lo-', which is much less than the 
value of 16- for the excitation of internal oscil- 
lating breather at frequency w .  
The fluctuation of the breather motion is caused by the 
external rf field (including modulation field), and the os- 
cillation of the soliton energy has two broaden peaks 
energy with external field. The minimum threshold en- 
ergy for exciting a breather is qth = 2a[( l  + w)/( l  
- a)]'/* sin-' (1 - w ' ) ' ' ~ ,  which is very small but not 
equal to zero and can be inspected from the log-plot of 
the total energy. The displayed modulation in Fig. 3 is 
due to the wave mixing of signals w1 and w2. The Fourier 
transform of the energy spectrum with frequency resolu- 
tion of 0.0002 is shown in Fig. 4 .  It is easy to observe 
the second harmonic subband signals distributed at w = 
0.428. The originality of the lower mixed subbands w1 
no2 and the higher subbands 2wl + nu2, where n is an 
integer, will be discussed in the next section. The voltage 
output of the breather in the phase plane map as shown in 
Fig. 5 for a phase-locked system exhibits modulated el- 
lipse in closed loops, inferring that the breather is stabi- 
lized after the long time steps. 
B. h + a sin wi t  + a sin w2t 
TO study the effect due to a dc magnetic field, we first 
put h = 0.4 on the boundaries of the junction. Breather 
motion can be excited by the rf signal, as in case A. If a 
dc magnetic field is applied to the junction, the Abriksov 
fluxons, whose direction is perpendicular to the Joseph- 
son fluxons, can be excited. These two fluxons can inter- 
act to form T-shaped vortices [ 111. The Abriksov vortices 
can present a term in the sine-Gordon equation in a form 
of the spatial derivative of a delta function, such as 6,(x 
- xo). Fluxon flows can occur only for the Abriksov vor- 
tex. Early research [12] employing the Fiske step for the 
energy analysis ensures that fluxon is fissioned into flux- 
ons or forms breather-like waves even as the magnetic 
field h is up to 2 .  While h increases as high as 4 ,  the stable 
breather is destroyed to form a spatial modulated breather- 
like, as shown in Fig. 6.  This result indicates that the 
breathers in long-wavelength junction are converted into 
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Fig. 7. The fundamental mixing wave and the second harmonics waves are 
suppressed as h 2 4. 
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Fig. 5. The phase-plane map shows an ellipse under modulation rf field. 
The time step is from I = 800 to f = 3000. 
/ / I  
5 
3 
2 
0 2 4 6 8 10 12 
Junct ion length  
Fig. 6 .  The motion of breather-like leads to unstable special oscillations 
when the dc magnetic field is up to 4, even without the modulation field. 
This figure shows the motion of breathers at I = 3000. 
short spatial variation fluxons, possibly due to the spatial 
phase shift of two breathers in a high dc magnetic field 
and resulting in strong collision. Another reason may be 
the energy input of the high dc magnetic field overcoming 
the binding energy of breathers, and furthermore breaking 
up the breather 1121. The partial breathers as shown in this 
figure are mainly excited by the rf signal w I ,  while the w2 
only modulates the amplitude. A thorough discussion of 
the trigger and break-up of the breather by the modulation 
effect can be found in the work of Bishop et al. [ 131. Since 
each breather is a bound state of soliton-antisoliton, they 
will induce four particle collisions [ 141. The intensity of 
the fundamental signal in the frequency domain exhibits 
extremely weak, and no second harmonic signal can be 
detected under high dc field as shown in Fig. 7. Figure 8 
illustrates the energy spectrum of Fig. 7 in the time do- 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  l , I I 1 l T l l 1 /  
0 500 1000 1500 2000 2500 3000 
Time step 
Fig. 8 .  The total energy spectrum of breathers in the time domain for 
h = 4. 
main. A steady increase in the total energy with time 
clearly indicates many fluxons (soliton or not soliton) are 
excited, which absorb energy from the high external mag- 
netic field. The nonlinear dynamic system leads to a cha- 
otic system that shows a random jump of phase, as shown 
in the phase-plane map of Fig. 9. In this scenario, we find 
that weak dc magnetic fields will enhance the breather 
motion at harmonic frequency whereas a strong magnetic 
field will excite many fluxons, which collide with each 
other and destroy the breather. 
C. a sin wl t  
All the conditions are the same as above, except with- 
out applying the low-frequency modulation and dc mag- 
netic field. However, there is no fundamental signal in the 
energy spectrum as shown in Fig. 10, even if it can excite 
two partial breathers. From Fig. 11 we can see that the 
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9. In a high dc magnetic field the system behaves like chaos, as can 
be speculated within the time step from 800 to 3000. 
I O I 1 l ' ~ / / / I , ,  - 4 1  , , , , , , , , / , , , , , , , , , , , , , , , , , , , /  
0.0 0.1 0.2 0.3 0.4 
Frequency 
Fig. 10. The total energy spectrum of Fig. 2 in the frequency domain with 
h 5 0.4, h, = 0.2, wI = 0.214, and w2 = 0. 
total energy is nearly constant, although with values only 
0.096 percent of the energy of a complete breather, which 
is modulated by the ac driving signal on both ends of the 
junction. The breather oscillation is perfectly stabilized, 
as can be seen from the exact circle in the phase-plane 
map at time steps from t = 800 to t = 3000, as depicted 
in Fig. 12. 
D. h + a sin wl t  
The value of the dc magnetic field is set at the same 
value as in case B, (i.e., h = 0.4), but without applying 
low-frequency modulation. It almost has the same energy 
spectrum and breather fluctuation as in case C. The fun- 
damental wave is still absent. Scrutinizing the above four 
cases seems to achieve some conclusions: Only the low- 
-10 v 3 
0 500 1000 1500 2000 2500 3000 
Time s tep  
Fig. 11. The total energy spectrum of breathers in time domain for h 5 
0.4, with h,  = 0.2, wI = 0.214, and w2 = 0. 
-0.06 
-0.3 -0.2 -0.1 -0.0 0.1 0.2 0.3 
ip 
Fig. 12. The phase plane map exhibits a circle showing stable breather, 
when w2 = 0 and h 5 0.4. 
frequency modulation field can induce strong fundamental 
subband, and the high dc magnetic field may lead to an 
unstable system. 
From the above analysis, it is straightforward that the 
second harmonic signal always exists in the energy spec- 
trum, which yields the same result for the dc magnetic 
field h varyi8ng from 0 to 0.4. In contrast, the fundamen- 
tal subbands mainly come from the low-frequency mod- 
ulation, and the peak values of the mixed waves at fre- 
quencies of wl - w2 and wl + w2 can be approximated as 
P(w,  - 0 2 )  = - P ( q  + U*) 
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With parameters x,. = 17.2442, xl = -5.2442, T = 3000, 
19, = 0, and 19, = T as implemented in Fig. 2, the peak 
value can be approximated to be 6.592, which is close to 
the simulation result 6.574 as performed in cases A and 
B. However, the (Hmas) term has no contribution because 
its time phase is shifted by 7~12. As shown in cases C and 
D, the silence of the fundamental subbands can be ex- 
plained by (17c) and (17d). Therefore, the mixed waves 
come from the modulation field on the boundary. In cases 
B and D, the high dc field will depress the structure of the 
breather seriously, as shown in Fig. 6 .  On the other hand, 
the large disturbance in the sine-Gordon equation pre- 
vents its being treated by the perturbation theory. 
Comparing with the results of the phase-plane map in 
Figs. 9 and 12, Gronbech Jensen et al. [I] pointed out 
that the low-frequency parametric force cannot stabilize 
the breather. In this simulation, the breather motion is still 
stable after 3000 time steps, even for frequency U ,  as low 
as 0.214, except when the dc field is up to 4, which results 
in a nearly chaotic behavior [16]. However, such a cha- 
otic phenomenon is rather complicated, and thus the mode 
transition or other effect should be further investigated. 
On the other hand, the question was asked if the fluxon 
propagation will also induce wave mixing under a two- 
frequency magnetic field (case A) in an overlap Josephson 
junction. In our recent unpublished work, we also apply 
the same boundary condition for fluxon propagating in the 
overlap junction with different bias current. From the sim- 
ulation result, the spectrum of the total energy under Fou- 
rier transform shows an extremely weak mixing phenom- 
enon, ensuring that the wave mixing effect in an overlap 
junction is dependent on the type of soliton. 
IV. CONCLUSION 
We have demonstrated and analyzed the breather dy- 
namics in the perturbed sine-Gordon system under differ- 
ent boundary conditions. The expectation of the funda- 
mental subband mixing is attributed to the low-frequency 
modulation field. From the perturbation analysis, in con- 
junction with the help of Fourier transform, the energy 
spectra of the mixed subbands can be exactly solved. The 
second harmonic subbands are suppressed at high dc field. 
Such a phenomenon cannot be interpreted merely as pe- 
riodic doubling because its existence has no connection 
with the dc magnetic field [17], [18]. In this paper we 
omitted the analysis of the energy spectrum of the second 
harmonic subbands on account of its complications in en- 
ergy distribution. However, its existence can be predicted 
from the perturbation theory as prescribed in (10). 
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